We show that very general scalar-tensor theories of gravity (including, e.g., Horndeski models) are generically invariant under disformal transformations. However there is a special subset, when the transformation is not invertible, that yields new equations of motion which are a generalization of the so-called "mimetic" dark matter theory recently introduced by Chamsedinne and Mukhanov. These conclusions hold true irrespective of whether the scalar field in the action of the assumed scalartensor theory of gravity is the same or different than the scalar field involved in the transformation. The new equations of motion for our general mimetic theory can also be derived from an action containing an additional Lagrange multiplier field. The general mimetic scalar-tensor theory has the same number of derivatives in the equations of motion as the original scalar-tensor theory. As an application we show that the simplest mimetic scalar-tensor model is able to mimic the cosmological background of a flat FLRW model with a barotropic perfect fluid with any constant equation of state.
I. INTRODUCTION
The so-called ΛCDM model of cosmology has been very successful at explaining all cosmological observations with a minimal set of six cosmological parameters. These six parameters have recently been measured to an unprecedented accuracy with the Planck satellite [1, 2] . Several deviations from this simple model have been constrained to be relatively small [1] [2] [3] [4] [5] [6] . This model has been called the standard model of cosmology. However, despite its successes, the ΛCDM model contains at its core two unknown components. One being a very small cosmological constant and the other the so-called dark matter. This dark matter component is assumed to be cold, collisionless and does not interact with the other particles of the standard model of particle physics except gravitationally. It amounts to about one quarter of the total energy density budget of the current universe [2] . Furthermore, despite the many experimental searches for these dark matter particles, both on Earth and in space, none was found up to now. See for example [7] and [8] (and reference therein) for reviews.
The presence of these unknown energy components has motivated many studies that try to explain the phenomena that they give origin to, by modifying the law of gravitation without introducing new energy sources, see e.g. [9, 10] .
One recent interesting attempt to explain the dark matter phenomenon by introducing a modification to General Relativity is the so-called "mimetic" dark matter proposal [11] . In this proposal, General Relativity is reformulated in terms of an auxiliary metric which is conformally related with the original "physical" metric, where the conformal factor is a certain function of the new metric and the first derivative of a scalar field. In these new variables, the theory becomes invariant under Weyl rescaling of the new metric and therefore provides traceless equations of motion. This switches on a new conformal degree of freedom of gravity which behaves as an irrotational pressureless perfect fluid, i.e. it can mimic a cold dark matter component. In this model, the observed cold dark matter energy density would, in general, be the sum of two unknown amounts of energy density contributions, one coming from hypothetical dark matter particles and the other from the "mimetic" dark matter which is only a gravitational effect. In a subsequent work [12] it was shown that by introducing a potential for the new scalar field one can mimic the gravitational behavior of almost any form of matter (see also [13] for earlier work). Refs. [12, 14, 15] considered the effects of higher-derivative interactions on the cosmology of the "mimetic" dark matter model. In [14] , the authors showed that the energy momentum tensor of the mimetic theory with higher-derivatives is actually of the imperfect fluid type and the theory can support vorticity. Ref. [15] argues that these higher-derivative interactions could possibly help solving the small-scale problems of the cold dark matter model. Ref. [16] proposed an alternative conformal extension of General Relativity, using a vector field, that can also support rotational flows for the mimetic dark matter. The stability of the "mimetic" dark matter model was analyzed in [16] , where it was shown that the positiveness of the energy density of the fluid is a sufficient condition for the absence of ghost instabilities. The puzzle of why a simple reparametrization of variables can lead to new additional solutions of the equations of motion was also explained in [16] . In [17] , the issue of why new extra solutions are introduced by a reparametrization of variables was revisited from a different viewpoint. The authors showed, in a clear and elegant way, that Einstein's theory of General Relativity is invariant under generic disformal transformations of the type g µν = A(Ψ, w)ℓ µν +B(Ψ, w)∂ µ Ψ∂ ν Ψ, where w ≡ ℓ µν ∂ µ Ψ∂ ν Ψ, A and B are arbitrary functions of their two variables 1 , g µν is the "physical" metric and ℓ µν is the new auxiliary metric. Ψ is a scalar field. This type of disformal transformations were first considered in [19] . See also for example [20] and references therein. Additionally, they showed that there exists a particular subset of the previous general case, such that the resulting equations of motion are no longer the general relativistic equations but instead one finds the equations of motion of the so-called "mimetic" dark matter model (also called "mimetic gravity") [11] .
In [21] (see also [12, 16] ), it was shown that the equations of motion of mimetic gravity can be derived by extremizing, with respect to g µν , the Einstein-Hilbert action with the addition of the term
, where λ is a new field playing the role of a Lagrange multiplier.
The invariance of cosmological perturbations under disformal transformations has been recently studied in for example [22] [23] [24] [25] [26] [27] and mimetic theories of modified gravity have been considered in [28] and references therein.
In this paper, we will generalize some results of [16, 17, 21 ] to a very general scalar-tensor theory of gravity. Our results will be valid for a very general theory, however, for concreteness one may think of the scalar-tensor theory as being the most general healthy second-order theory known as the Horndeski model [29] (see also [30] for a recent rederivation and [31] for another proof of equivalence with the original formulation of Horndeski). One may also think of it as the recently proposed healthy extensions of the Horndeski model, the so-called G 3 theories [32, 33] or even their extensions [34] .
This paper is organized as follows. In the next section, we will show under which conditions the previous disformal transformation is non-invertible. Then we will show that very general scalar-tensor theories of gravity are invariant under generic disformal transformations. For a particular special subset of those generic disformal transformation the invariance is broken and one finds new equations of motion which are a generalization of the so-called "mimetic" dark matter theory. We will show that the invariance is broken exactly for transformations that satisfy the non-invertibility condition. In section III, we will demonstrate that the new mimetic general scalar-tensor theory equations of motion can also be derived by the use of a Lagrange multiplier as in the General Relativity case. We also briefly comment on the higher-derivative nature of the resulting equations. In section IV, we shall present some applications of our results. For instance we will show that the simplest mimetic scalar-tensor model is able to mimic the cosmological background of a flat Friedmann-Lemaître-Robertson-Walker (FLRW) model with a barotropic perfect fluid with an arbitrary equation of state. Finally, section V is devoted to the conclusions. We use the metric signature (−, +, +, +) and we set the reduced Planck mass to unity.
II. MIMETIC GRAVITY FROM A DISFORMAL TRANSFORMATION
In this section, we will consider disformal transformations of very general scalar-tensor theories of gravity. We will show that these theories are invariant under generic disformal transformations. However for a special subset of non-invertible disformal transformations the theory is modified resulting in new equations of motion which may possess novel solutions.
A. Non-invertibility condition of a disformal transformation
In this first subsection we will derive what is the condition for non-invertibility of a disformal transformation of the type
where w is defined as
A and B are arbitrary functions (see footnote 1) of two variables. g µν is the original metric and ℓ µν is an auxiliary new metric. Ψ is a scalar field that defines the transformation. In this section, we assume that Ψ is the same scalar field that is present in the action of the scalar-tensor theory. In appendix A we will consider the case when the disformal transformation introduces a different new field. The issue of the non-invertibility for a conformal transformation in the context of "mimetic" gravity was first discussed in [16] and here we will generalize their arguments to disformal transformation in scalar-tensor theories. The conditions under which disformally coupled theories can be re-written in the so-called Jordan frame were studied in [20] . The inverse of g µν can be written as
where B(Ψ, w)g ρσ ∂ ρ Ψ∂ σ Ψ − 1 = 0 for obvious reasons. Using the previous equation one finds ℓ µα ℓ αν = δ ν µ . Eq. (1) is a convolved transformation law for g µν in terms of ℓ µν because ℓ µν enters in w. In order words, for a fixed Ψ in Eq. (1), one can see that in order to write ℓ µν is terms of g µν one needs to solve w in terms of g µν . Here we are assuming that Ψ is not a new variable (i.e. it is already present in the action) because if it was then it would be obvious that the transformation would never in general be invertible. This is because we would be relating ten variables of g µν to eleven variables of ℓ µν and Ψ. Despite this assumption, in the next subsection we will show that the condition we find here for non-invertibility of the transformation is the same as the condition found in the next subsection for the system of equations of motion to be indeterminate. This later condition is valid independently of the assumption that Ψ is a field already present in the action.
Using Eq. (3) one can show that
The previous equation can be written as
where the function G(Ψ, w) is defined as
For a fixed given Ψ and using the inverse function theorem, if dG(Ψ,w) dw | w=w * = 0 then the inverse function G −1 exists in a neighborhood of w * so one can write w as a function of g µν only as w = G −1 (g µν ∂ µ Ψ∂ ν Ψ). Finally one can use Eq. (1) (or Eq. (3)) to write ℓ µν as a function of g µν . This completes the proof that the inverse transformation, i.e. ℓ µν (g αβ ), exists. Furthermore, the non-existence of G −1 implies that dG(Ψ,w) dw | w=w * = 0. One can solve this as
where in the right-hand-side we wrote 1/b(Ψ) to use the same conventions of notation as in the literature. If we are in the exceptional case of the previous equation then the transformation from g µν to ℓ µν cannot be inverted even implicitly and from Eq. (5) one can find that
The previous equation can be used with Eq. (4) to find
This condition for having a non-invertible transformation is the same as the condition that Deruelle and Rua [17] found for the system of equations of motion of mimetic dark matter to be indeterminate. We will generalize their analysis in the next subsection. Note that here we never assumed any explicit scalar-tensor theory so this result is very general. Eq. (8) is a kinematical constraint valid independently of the dynamics. Furthermore, the results of this subsection also explain why it is not so surprising that the transformed scalar-tensor theory, i.e. mimetic gravity, may contain new solutions with respect to the original theory. The reason is that we are performing a non-invertible change of variables.
B. Disformal transformation method
In this subsection, we will perform a disformal transformation of the type (1) on a very general scalar-tensor theory and compute the equations of motion that result. This is a generalization of the results in Deruelle and Rua [17] . The further generalization for the case when the transformation field is different from the scalar field in the action is discussed in Appendix A. This is the case in the "mimetic" dark matter model [11] .
We start with a very general local action of the type
where the integers p, q ≥ 2, L is the Lagrangian density which is a functional of the metric, the scalar field and their derivatives. S m is the action for the matter field φ m which we assume to be uncoupled with Ψ. For the sake of concreteness, the Lagrangian L may be thought of as being the Lagrangian of Horndeski's theory [29] or one of its recently proposed healthy extensions [32] [33] [34] .
The variation of the action with respect to the fundamental fields, Ψ, g µν and φ m , is given by,
where
L m is the matter Lagrangian density and T µν is the matter energy-momentum tensor. In the case of General Relativity, the tensor E µν is E µν = −G µν , where G µν is the Einstein tensor. We consider a disformal transformation of the type (1) from where one can obtain its variation as
Inserting Eq. (15) into Eq. (11), the generalized Einstein equations of motion, δS/δℓ µν = 0, are
and the generalized Klein-Gordon equation, δS/δΨ = 0, is,
where we have defined two new quantities as
In addition, the equation of motion for the matter field is Ω m = 0. By contracting the metric equations of motion (16) with ℓ µν and with ∂ µ Ψ∂ ν Ψ, we find
These two equations form a two-dimensional linear system of algebraic equations for α 1 and α 2 . The solutions of the system are different depending on whether its determinant is zero or non-zero. In the next two subsections we study these two cases separately.
Generic case
We may write the system of equations (19) in matrix form, as
The determinant of the system is
If det(M ) = 0 then the only solution is α 1 = α 2 = 0. For this generic case the equations of motion, Eqs. (16) and (17), reduce to
When written in terms of the metric g µν , these two equations in addition to Ω m = 0 are the same equations as in the original theory before doing any disformal transformation. In other words, by taking the variation with respect to the original metric g µν or with respect to ℓ µν and Ψ we get, in the end, the same equations of motion. This shows that generically (i.e. det(M ) = 0) the theory is invariant under disformal transformations of the type (1). This generalizes the results of [17] (obtained for Einstein gravity) to a very general scalar-tensor theory of the kind (10). This result is less surprising if one recalls that all one is doing is a well-behaved invertible change of variables.
Mimetic gravity
If the determinant of the system is zero then one can solve the differential equation (21) to find that the free function B(Ψ, w) has to be of the form
where b(Ψ) is an integration constant (it does not depend on w but it may depends on Ψ) and we assume it is non-zero for all Ψ. This solution was previously found in [17] for the case when the starting action in Eq. (10) is simply the Einstein-Hilbert action. Here we show that solution (24) is still valid for a general action of the form (10), irrespective of whether the scalar field in the action is the same or different than the scalar field involved in the transformation, as shown in Appendix A. This is a consequence of the fact that the determinant of the system, Eq. (21), does not depend on the form of the starting action (10) and it is the same as the determinant found in [17] . Substituting solution (24) into the system (19) gives us α 2 = wα 1 . Hence, the equations of motion (16) and (17) become
Now, the disformal transformation is of the particular type
The inverse metric transforms (recall we assume b = 0) as
and these equations can be used to write (25) in terms of g µν (explicitly) only. Similarly to [17] , we have ℓ µρ ∂ ρ Ψ = bw∂ µ Ψ and
. By contracting ℓ µρ ∂ ρ Ψ = bw∂ µ Ψ with ∂ µ Ψ and using the definition of w one can also find that
So the equations of motion (25) simplify to
where ∇ ρ denotes the covariant derivative with respect to g µν . In order to have the full system of equations of motion, to these equations one should add the matter equation, Ω m = 0. As it can be seen these equations of motion are in general different from the equations of motion that result from varying the action (10) with respect to the original metric g µν . We will call this new theory "mimetic" gravity and the transformation will be called mimetic disformal transformation. Note that the condition for the determinant of the system to be zero leads to exactly the same particular disformal transformation, Eq. (26), as the non-invertibility condition of the previous subsection.
III. MIMETIC GRAVITY FROM A LAGRANGE MULTIPLIER
In this section, we will show that the mimetic equations of motion that result after transforming the theory (10) via a mimetic disformal transformation (26) can also be obtained by variation of an action without performing any disformal transformation or introducing an auxiliary metric ℓ µν . For the case in which the original theory (10) is General Relativity and for conformal transformations this was first achieved in [16, 21] .
Let us start with the very general action of the previous section where we add an additional term as
where λ is a Lagrange multiplier field which enforces the kinematical constraint. b(Ψ) is a known potential function that defines the theory. The equations of motion that result from varying the action with respect to λ, Ψ, g µν and φ m are respectively (after some simplification)
with the same definitions of Section II. Taking the trace of Eq. (33) and after using Eq. (31), one obtains
where E = g µν E µν and T = g µν T µν . One can see that the Lagrange multiplier is given by the traces E and T and this can be used to eliminate λ from the equations of motion to obtain
These equations of motion are the same as the mimetic equations of motion in subsection II B, i.e. (28), (29) and the matter equation. This shows that mimetic gravity can be formulated by action (30) . The price to pay in this formulation is that one needs to introduce an additional scalar field, the Lagrange multiplier λ. It would be interesting to determine if it is possible to derive mimetic gravity from an action with no additional scalar fields like λ. We leave this for future work. Let us take the covariant derivative of Eq. (38) and use ∇ µ T µν = 0 2 to obtain
where in the second line we have used that b(Ψ)∂ µ Ψ∂ µ Ψ = 1 and that from its covariant derivative one obtains
It was shown by Horndeski [29] (see also references therein) that
Using this and the fact that ∂ ν Ψ = 0 at least for one index ν we can simplify Eq. (40) to
This is exactly the same equation as (37). So we have managed to show that Eq. (37) results from taking the covariant derivative of Eq. (38) and use ∇ µ T µν = 0 and Eqs. (36) and (39). This proof is independent of using the Lagrange multiplier method or not and shows that in order to solve the dynamics of the system it is sufficient to consider Eqs. (36), (38) and (39). These three equations, when written in terms of the metric g µν , do not contain any more higher-order derivatives that the equations of motion that result from the non-mimetic theory defined by the Lagrangian L. It is also worth noting that the action (30) does not contain any more higher-order derivatives than L. However, the new theory (30) does contain a new field, the Lagrange multiplier λ. The three independent equations of motion when written in terms of the new metric ℓ µν may contain higher-order derivatives. For concreteness, we can think of L as being the Horndeski Lagrangian [29] 3 and we would be considering the "mimetic" Horndeski theory.
IV. NON-TRIVIAL EXAMPLES OF COSMOLOGY IN THE "MIMETIC" HORNDESKI MODEL
As an application of the results of the preceding sections, in this section, we will present three simple examples of non-trivial cosmological solutions that arise in very simple "mimetic" Horndeski models.
The most general class of 4D local scalar-tensor theories that contain second-order equations of motion and that can be derived from an action is known as the Horndeski theory [29] . Its action is
and
The functions K(X, Ψ), G 3 (X, Ψ), G 4 (X, Ψ) and G 5 (X, Ψ) are free function of their two variables and define a particular theory in the Horndeski class. The subscript ,X denotes derivative with respect to X. In the next three subsections the actions of the models considered will be Eq. (30) with L = L H but with different choices for the free functions in each subsection.
Notice that for a general mimetic Horndeski model, the free function b(Ψ) in the second term of Eq. (30) can be reabsorbed by defining a new field Φ as dΦ = |b|dΨ. Because the Horndeski Lagrangian is form invariant under field redefinitions of this type, this transformation just amounts to consider a different starting Horndeski Lagrangian L H .
A. A very simple example
In our first simple example we will consider the mimetic theory of a canonical kinetic term scalar field with no potential coupled to Einstein's gravity theory. The action of this model is Eq. (30) with L = L H , S m = 0 and with the choice
where c 2 is a constant which may have either sign. In the non-mimetic theory, if c 2 is negative it is well known that the scalar field has the wrong sign in the kinetic term and is a ghost. In the present mimetic model it would be interesting to study perturbations and determine what are the conditions for the absence of ghost and other instabilities. We leave this work for the near future. With the same notation of the previous section and for a flat FLRW background, the objects that appear there are
where a is the scale factor, H =ȧ/a and dot denotes derivative with respect to cosmic time. x, y, z denote the comoving spatial coordinates. The equations of motion for this simple mimetic model, i.e. Eq. (36), the time and spatial components of Eq. (38) and Eq. (37), are respectively
where prime denotes derivative with respect to the field Ψ. Eqs. (54) and (56) are not independent from Eqs. (53) and (55) because they can be derived from them. It is easy to check that Eqs. (53) and (55) admit the following solution
where t 0 is an integration constant, the parameter α is α = − 8ω 3(1+ω) 2 , where ω is a constant parameter. This expansion law is the same as the one given by a perfect fluid universe with a constant equation of state ω. If c 2 is positive then the equation of state ω has to be positive too. This shows that this simple mimetic scalar field model can mimic the background evolution of a perfect fluid universe with a constant equation of state. For different ω the value of α changes but the functional form of b(Ψ) does not change. It is obvious that this new solution is not a solution of the Einstein plus Klein-Gordon (with zero potential) field theory. There ω is necessarily unity.
By adjusting the function b(Ψ) accordingly (note that b(Ψ) < 0 for a time-like scalar velocity), this simple model can mimic the expansion history of almost any model. To be concrete, we can mimic the expansion history of a perfect fluid model with a fixed sign of the pressure. In that case, 6H
2 + 4Ḣ = −2p, where p is the pressure of the perfect fluid. So from the independent equation of motion (55) one can see that the pressure cannot change sign. The fact that one can have almost any expansion history desired is somewhat similar to the minimal extension of the original mimetic dark matter model proposed in [12] . See also [13] for an earlier work where models similar to our present one were considered.
B. Mimetic cubic Galileon
In this subsection, we will consider the mimetic cubic Galileon model as a further example of a simple mimetic Horndeski model. The mimetic cubic Galileon model with c 2 = 0 (and also including the other Galileon interactions) was previously studied in [35] but for the case of a constant b(Ψ). Here we allow the function b to depend on Ψ. The action of the model is Eq. (30) with L = L H , S m = 0 and with the free functions chosen as
where from now on we will set the cutoff scaleΛ to beΛ = 1 and c 3 is a new model parameter.
Analogously to the previous subsection, there are only two independent equations of motion, they can be chosen to be Eq. (36) and the spatial component of Eq. (38). They are respectively
As in the preceding section by suitably choosing a function b(Ψ) one can have almost any expansion history desired. Let us for instance concentrate on the expansion history of a universe filled with dark matter and a positive cosmological constant Λ. The scale factor solution for that universe is
where C = 3Λ/4. Eq. (60) can be integrated once to find
In Fig. 1 we plot the time evolution of the scale factor a(t), the time derivative of Ψ and by using Eq. (59) one can find the function b(t). For illustration purposes we choose the model parameters as C = c 2 = c 3 = a ⋆ = 1. For this choice, the matter-dominated era ends around t = O(1) and after that the universe becomes dominated by the energy density of the cosmological constant. For Ct ≫ 1, the time derivative of Ψ isΨ ∝ t while for Ct ≪ 1 it becomeṡ Ψ ∝ t 
C. The case of minimal coupling to ℓµν
The third example of non-trivial cosmological solutions that arise in the context of mimetic Horndeski models that we are going to present now involves promoting the auxiliary metric ℓ µν to the physical metric. Say for instance, usual matter, like baryons, are minimally coupled with ℓ µν instead of the more interesting case of minimal coupling with g µν . The gravitational part of the action of this model is Eq. (10) with S m = 0, where the fundamental metric variable is the metric ℓ µν , which is related to the metric g µν by a mimetic disformal transformation, i.e. a disformal transformation of the type (1) with the function B given by (9) . Then we choose to minimally couple this gravitational theory for ℓ µν and Ψ with (baryon) matter fields.
In the following discussion, we will restrict the mimetic disformal transformation to a particular type (see Eq. (64) below) so that we have a Weyl symmetry, that is, the gravitational part of the action will be invariant under a Weyl rescaling of the type ℓ µν → Ω 2 (x)ℓ µν , where Ω(x) is a non-zero function. It is worth mentioning that in the case of a mimetic disformal transformation with B(Ψ, w) = 0 (the disformal transformation becomes a conformal transformation) this implies that A(Ψ, w) = b(Ψ)w. It is then easy to see that the theory also has a Weyl symmetry which allows us to choose the gauge so that g µν = ℓ µν as it was done in [16] . Indeed, in [11, 12, 16] , the authors used B(Ψ, w) = 0, b(Ψ) = −1 which leads to A(Ψ, w) = −w.
If the function A(Ψ, w) is
then the mimetic disformal transformation is
and the inverse metric transformation is
where one can easily see that they have the desired property of being invariant under a Weyl transformation ℓ µν → Ω 2 (x)ℓ µν . For simplicity, we assume that the original scalar-tensor theory is actually just Einstein's General Relativity and in the following we also assume that the contribution of the baryons to the expansion can be neglected. The equations of motion of this model, Eqs. (28) and (29) , are then
where G denotes the trace of the Einstein tensor G µν as G = g µν G µν . We will look for cosmological solutions by setting the metric ℓ µν to be equal to a flat FLRW metric and Ψ to be a function of time only. This implies that the non-zero components of the metric g µν (there is isotropy so the y and z component are equal to the x component) are
The tt and xx components of the previous generalized Einstein equations are equal to each other and equal to
where prime means derivative with respect to Ψ and A ,Ψ , A ,w and so on denote derivatives of A with respect to Ψ and w respectively. Eq. (68) contains higher-derivatives for Ψ and they disappear if A does not depend on w. Note that from the kinematical constraint in (66) we do not get any equation of motion if it is written in terms of the metric ℓ µν . One can also show that by combining Eq. (68) with its derivative one can find the equation of motion for Ψ. Now let us consider a particular mimetic disformal transformation of the type (63), (64) and (65). In this case we have Weyl invariance and we can choose to fix the gauge as
In this new gauge, the independent generalized Einstein equation is
By doing a change of variables as
one can simplify the equation to
The equation of motion (72) can be written as
dt . So one can integrate it once to finḋ Φ(t) = const a(t) 3 2 H(t), where const denotes a constant of integration. And integrating once more to find
where const i with i = 1, 2, 3, 4 denote constants of integration. Using Eq. (67), the change of variables (71) and our gauge choice A = 1, the g µν metric components can be written as
By doing a change of time variable as
one can find that
which is a matter dominated universe for the g µν metric. This is always the case for any ℓ µν , b(Ψ) or f (Ψ). This result is consistent with the original findings of [11] that one only gets a matter universe as a solution for the metric g µν having started from mimetic General Relativity by doing a conformal transformation 4 . This result is expected in light of the findings of [17] that showed that the mimetic dark matter equations of motion, Eqs. (66), when written in terms of g µν are the same for any mimetic disformal transformation. However now in our case the physical metric is ℓ µν so from Eq. (73) one can see that in this model we can have any expansion history desired. For a given scale factor solution ℓ xx = a 2 (t) the scalar field Φ adjusts according to Eq. (73) in order for this to be a solution of the equation of motion Eq. (72). The solution for the original field Ψ can be found once we specify the function b(Ψ) by using Eq. (71). Finally the function f (Ψ) is found by using the gauge condition, Eq. (69), which in the background can be written as 1 = −Ψ 2 (b − f ) = −Φ 2 (Sign(b) − f /|b|). In other words, by choosing a specific function f one can obtain the desired scale factor solution. For instance, de Sitter spacetime is a solution of (72) for Φ(t) ∝ e 3H/2t . A matter universe solution results from takingΦ = constant. The expansion history of a universe filled with a barotropic perfect fluid with a constant equations of state ω and a cosmological constant Λ is a = a ⋆ sinh 2 3(1+ω) (Ct), where C = 3Λ/4(1 + ω). The solution for Φ is Φ(t) = C 2 + C 1 sinh 1 1+ω (Ct), where C 1 and C 2 are integration constants.
V. CONCLUSIONS
In this paper, we showed that a very general scalar-tensor theory of the type (10) is generically invariant under a disformal tansformation of the kind (1), irrespective of whether the scalar field in the action is the same or different than the scalar field involved in the transformation. We also showed that there is a special subset of those disformal transformations for which the previous result is not valid. We call those special disformal transformations as mimetic disformal transformations because they give origin to a new scalar-tensor theory of gravity that is a generalization of the "mimetic" dark matter proposal [11] . These mimetic disformal transformations are given by Eq. (24) . They basically are a subset of (1) where the two free functions A(Ψ, X) and B(Ψ, X) are related as (24) . These results generalize the findings of [17] that were obtained for Einstein's General Relativity. We also showed that the reason why a simple change of variables as in a mimetic disformal transformation leads to a new physical theory is because we are doing a non-invertible change of variables. If the change of variables is invertible then the physical theory does not change as expected. The derived non-invertibility or mimetic condition is the same for any general scalar-tensor theory, as it is the property of the disformal tansformation of the kind of Eq. (1). We have shown that the mimetic equations of motion of the new scalar-tensor theory can be derived from an action containing an extra scalar field playing the role of a Lagrange multiplier that imposes the kinematical constraint (8) to be satisfied throughout the dynamics. Again this generalizes some results in [16, 21] to a general scalar-tensor theory context.
As an application of some of our findings, we have presented a simple toy model of the mimetic Horndeski theory where a canonically normalized scalar field with no potential (in the original theory) can be used to mimic the background expansion history of a universe filled with a barotropic perfect fluid with a constant equations of state.
